Interactions inside the cosmological dark sector influence the cosmological dynamics. As a consequence, the future evolution of the Universe may be different from that predicted by the ΛCDM model. We review main features of several recently studied models with nongravitational couplings between dark matter and dark energy.
Introduction
The observed accelerated expansion of the Universe is usually assumed to have its origin in the existence of a mysterious component with effectively negative pressure, called dark energy (DE) . Together with another up to now exotic component, dark matter (DM), it dominates the dynamics of the currently observable Universe, at least if standard general relativity (GR) is assumed to be valid up to the largest cosmological scales. The homogeneous and isotropic cosmic background dynamics is governed by Friedmann's equation
and by the acceleration equation
where H is the Hubble rate and a is the scale factor of the Robertson-Walker metric. The quantities ρ m and p m denote the energy density of the cosmic matter and the corresponding pressure, respectively. Cold dark matter (CDM) is characterized by a dynamically negligible matter pressure, i.e., p m ≪ ρ m . Neglecting p m , the equations (1) and (2) constitute the basis of the preferred cosmological model, the ΛCDM model, which does well in fitting most observational data (see, e.g., the recent results from WMAP 9 [1] and Planck [2] ). Current observations are consistent with a spatially flat universe with fractions of about 70% DE, provided by the cosmological constant Λ, and about 30% matter (including CDM and baryons). But not only because of the notorious cosmological constant and coincidence problems (see, e.g. [3] ), there is an ongoing interest in alternative models within GR itself and beyond it. It is useful to test potential deviations from the "standard" description in order to constrain additional parameter sets which quantify these deviations. Among these alternative approaches there are phenomenological fluid models of the dark sector. These are straightforward generalizations of the ΛCDM model as can be seen as follows. With the definitions Λ ≡ 8π G ρ Λ and p Λ ≡ −ρ Λ , the cosmological constant is formally equivalent to a perfect "fluid" with negative pressure. Then
where ρ = ρ m + ρ Λ and p = p Λ . This analogy has been the starting point for generalized fluid models in which either the equation of state p Λ ≡ −ρ Λ or ρ Λ = constant or both are modified. In the following section we summarize basic relation for the dynamics of perfect fluids.
General Perfect Fluid Dynamics
Dynamical fluid models are based on the energy-momentum tensor of a perfect fluid,
with u a u a = −1 and u a h ab = 0. Local energy conservation is equivalent to u a T ab ;b = 0 ⇒ρ + Θ (ρ + p) = 0 ,
where the expansion scalar Θ ≡ u a ;a reduces to 3H in the homogeneous and isotropic background. Projection orthogonal to u a yields the momentum conservation
The spatial projection of the covariant derivative u m;b may be decomposed according to
with the antisymmetric and symmetric trace-free parts
respectively. The time evolution of the expansion scalar is governed by Raychaudhuri's equationΘ
where σ 2 and ω 2 are the scalars of shear and vorticity, respectively. For the Friedmann-Lemaître-Robertson-Walker (FLRW) cosmological models σ 2 = 0 and ω 2 = 0 are valid. In the following section we generalize the one-component description to the case of two coupled fluids.
Interacting Fluids

General relations
For a two-component system, the total energy-momentum tensor (4) is split into a matter part T ik m and a part T ik x which is supposed to describe a dynamical form of DE,
For both parts we assume a perfect-fluid structure, i.e.,
For separately conserved components T ik m and T ik x , the ΛCDM model can be seen as a special case with ρ x = ρ Λ = constant and p m = 0. Generally, total energymomentum conservation T ik ;k = 0 is compatible with a coupling between both components,
where the quantity Q i appears as a source (or sink) in the individual balance equations. The separate energy-balance equations are
and
In general, each component has its own four-velocity u . Equation (16) implies that in the presence of a coupling term the CDM fluid motion is nongeodesic in general.
The interaction term Q i can be split into parts proportional and perpendicular to the total four-velocity according to
Alternatively, a similar split with respect to the matter four-velocity may be useful. 
Background dynamics
In the homogeneous and isotropic background the set of equations (14) and (15) reduces toρ
where w ≡ p x /ρ x is the equation-of-state (EoS) parameter of the DE component.
Equations (16) and (17) are satisfied identically. Straightforwardly one realizes that the source (loss) term Q does not directly enter the Hubble rate and the deceleration parameter q = −1 −Ḣ/H 2 which, aside from H, is determined by its derivativeḢ. The lowest order at which Q appears explicitly is in the second derivative of the Hubble rate [4] ,
The influence of the interaction on the dynamics may be quantified by the statefinder parameter ("jerk") [5, 6, 7] 
The parameter j enters the luminosity distance
in third order in the redshift [8] :
The subscript 0 denotes the present value of the corresponding quantity. While for the ΛCDM model j = j 0 = 1 is valid, coupled models have j 0 = 1 in general. Potentially, this allows us to discriminate between models that share the same values of H 0 and q 0 .
Perturbations
To describe inhomogeneities, we perform a split of all variables into a homogeneous part and first-order perturbations about the homogeneous and isotropic background. First-order fluid perturbation variables will be denoted by a hat symbol on top of the respective quantity. Of particular importance are the perturbations of the matter energy density for which we define the fractional perturbation δ m :
With the definitions
the equation for δ m for the ΛCDM model is
where the prime means a derivative with respect to a. Equation (26) generalizes the corresponding equation
for the Einstein-de Sitter universe. The latter is recovered from (26) in the limit Ω Λ = 0. Equation (27) has a solution δ m ∝ a, which describes the growth of density perturbations in the matter-dominated era. The behavior of δ m for a typical perturbation for both (26) and (27) is visualized in Fig. 1 . Obviously, the existence of DE attenuates the growth of matter perturbations. Different DE models, in particular coupled models, will predict a modified growth of δ m . Different growth rates may serve to remove degeneracies for models which otherwise share the same background dynamics. The two-component linear perturbation dynamics is intrinsically nonadiabatic. The relevant combination iŝ
Adiabatic perturbationsp ad are characterized by a vanishing of this combination,
The nonadiabatic part of the pressure perturbations turns out to bê
Here we have assumed that the DE component is adiabatic on its own. Nonadiabatic perturbations are present in all the models to be discussed in the following, although at high redshift the nonadiabaticity may be quantitatively negligible.
Restricting ourselves to scalar perturbations, the line element can be written
with the scalar perturbation variables φ, F , ψ and E. For the spatial componentŝ u µ of the four-velocity we introduce a velocity potential v by [9] 
None of the first-order perturbation quantities is invariant under infinitesimal coordinate transformations. The perturbation dynamics for the models to be studied below will be formulated in terms of the gauge-invariant combinations
The superscript c indicates that the corresponding quantity acquires its physical meaning in the comoving frame v = 0. For the comparison with observational data one calculates, e.g., the matter power spectrum To test a given model with a set {p} of free parameters, one minimizes the quantity
Here, N f is the number of degrees of freedom, P th i and P obs i
are the theoretical and the observed values, respectively, for the power spectrum and σ i denotes the error for the data point i. The statistical analysis for other data sets, below it will be relevant also for data from supernovae of type Ia, is done in a similar way.
The relations so far did not specify any interaction and are generally valid. In the following we shall review some recently studied specific models, all of them on the basis of GR. Since neither the physical nature of DE nor that of DM are known, there is no real guiding principle for the choice of specific interactions in the dark sector either. Therefore, all considerations are purely phenomenological and explore potential consequences of different hypothetical couplings between DM and DE.
Models of Interacting Dark Energy
Scaling cosmology
This approach is based on a phenomenological ansatz for the dynamics of the energy-density ratio r of DM and DE [10] ,
where ξ is the scaling parameter and r 0 is the present value of the ratio r. The ΛCDM model is recovered for ξ = 3 together with w = −1. A stationary ratio has ξ = 0. According to [10] , one may quantify the severity of the coincidence problem by the phenomenological parameter ξ. In this sense, any ξ < 3 alleviates this problem. Combining the energy balances (19) with the ansatz (36) allows us to obtain an expression for Q in terms of the EoS parameter w and the scaling parameter ξ [4] ,
Consequently, given a value of w, a suitable interaction is required to produce a certain scaling behavior of the type (36) . A stationary ratio, in particular, is characterized by a power-law behavior:
The condition to have accelerated expansion is ν < 2 ↔ 3w < − (1 + r 0 ). This dynamics has a scalar field representation with an exponential potential V (φ) ∝ exp[−λφ]. The condition for accelerated expansion translates into a condition for the parameter λ [11] ,
the potential alleviation of the coincidence problem for ξ < 3 is visualized in Fig. 2 (see also [7] ). For ξ = 1, e.g., the values of Ω m and Ω x are much closer to each other over a certain redshift range than for the ΛCDM model with ξ = 3. The scaling dynamics may be generalized to variable equations of state and to include a baryonic component (subscript b) [12] . Using the popular CPL [13] parametrization w = w 0 + w 1 (1 − a), the special case ξ = 1 admits an analytic solution for the Hubble rate,
with
where Ω b0 = 8πGρ b0 /(3H 2 0 ). The results of a statistical analysis (similar to (35) ), based on the Union2 data set [14] , for the cases ξ = 1 and ξ = 3 together with a comparison with the ΛCDM model are summarized in Table 1 . The AIC and BIC criteria in the last two lines take into account the number of degrees of freedom of [15] , where k is the number of degrees of freedom. The BIC criterion [16] is based on the expression BIC = χ 2 min + 2k ln N , where N is the number of observational points. The smaller the resulting numbers in both expressions, the higher the quality of the corresponding model. Different models are classified with respect to the differences ∆AIC and ∆BIC between its AIC and BIC values, respectively, and the corresponding values for a reference model. This establishes a scale which allows for a ranking of different models according to the magnitude of their differences ∆AIC and ∆BIC (see, e.g., [17] ). Notice that the χ 2 min value for ξ = 3 is smaller than that of the ΛCDM model. But the mentioned criteria penalize the introduction of additional parameters and reverse the ranking. This is a typical feature for many alternative models. Using the AIC criterion, the ξ = 1 and ξ = 3 models can be considered as still weakly supported (∆AIC < 6). On the basis of the BIC criterion, however, these models are disfavored (∆BIC > 10). This kind of contradiction in using different evaluation criteria is well known in the literature, see, e.g., [18] . In any case, the ΛCDM model is the clear winner of the competition and this way of alleviating the coincidence problem does not seem to be supported by the data. 
Transient acceleration
The idea that the currently observed accelerated expansion of the Universe might be a transient phenomenon has been discussed several times in the literature ( [19, 20, 21, 22, 23, 24] ). Here, we describe a model for which such type of behavior is the consequence of an interaction in the dark sector [25, 26] . Generally, an interaction modifies the a −3 behavior of the matter energy density to
where the functionf (a) encodes the influence of the interaction. Then, the corresponding DE balance can be written in terms of an effective EoS parameter w ef f ,
It is useful to parametrize the interaction according tõ
and to consider the special case
where γ is an interaction constant. Although the expression for g(a) in (46) was taken for mathematical convenience, it admits an analytic solution of the background dynamics, it can serve to demonstrate some general features for interactioninduced transient acceleration.
Integration of the DE balance (44) yields
where ρ ef f x0 plays the role of an effective cosmological constant,
Obviously, a transient acceleration is only possible if ρ ef f x0 = 0. Otherwise, the constant ρ x0 would always prevail in the long-time limit. Consequently, for accelerated expansion to be a transient phenomenon, part of the interaction has to cancel the bare cosmological constant ρ x0 . Under this condition the acceleration equation becomes
where
quantifies the interaction. It is useful to compare (49) with the corresponding expression for the ΛCDM model,
Our alternative model is not expected to deviate too strongly from the ΛCDM model at the present time. A comparison between (49) and (51) then suggests that K should be positive and that the interaction term plays a similar role as the cosmological constant Λ. In other words, the role of the interaction is twofold. As already mentioned, it has to cancel the bare cosmological constant. But at the same time it has to induce an accelerated expansion by itself. The expression (49) implies an early (a ≪ 1) decelerated expansion for Ω m0 > K exp(−1/σ 2 ) which represents an upper limit on the interaction strength K. The presently observed accelerated expansion corresponds to the condition
equivalent to a lower limit on the interaction strength. This means, there is an admissible range 2 9
for K. Using the Constitution data [27] , Fig. 3 shows that this model indeed describes an early transition from decelerated to accelerated expansion together with a future transition back to decelerated expansion [26] . Table 2 summarizes the bestfit values of the parameters σ, K and h. While the choice of the interaction (46) may seem to be tailored to produce the expected behavior, it is not trivial that there exists a range (53) which is compatible with current observational data. In a next step we consider the perturbation dynamics of this model. Within a Newtonian approximation it is convenient to introduce the growth rate function
in terms of which the basic equation for δ m takes the form
where G ef f is an effective gravitational constant which differs from G due to the interaction terms. Without interaction one has aU (a) = 3/2 as well as G ef f = G and Eq. (55) is equivalent to Eq. (27) . In Fig. 4 the growth rate for the best-fit parameters of the present model is contrasted with the observations summarized in [28] as well as with those of [29] and with the ΛCDM model. Around the present epoch (z ≈ 0) the deviation from the Einstein-de Sitter value is larger than that for the ΛCDM model, corresponding to a slower growth of δ m (a) for values of the order of a ≈ 1. This is seen in Fig. 5 as well, which also shows predictions for a typical future behavior of δ m (a). For a > 1 the density contrast continues to grow in the transient acceleration scenario while one has δ m (a) = const for the ΛCDM model. In a relativistic perturbation theory the matter perturbation quantity has to be replaced by its gauge-invariant counterpart according to (33) . A general feature of dynamical DE models is the appearance of perturbations in the DE component itself, which are coupled to the perturbations of the matter density. Although one expects that DE clumps less than DM, for the ΛCDM model the DE perturbations are zero identically, it is not guaranteed from the outset that these perturbations can be neglected in a dynamical model [30] . To simplify the generally coupled system of equations for the density contrasts, we assume a proportionality between the gauge-invariantly defined fractional DE perturbations δ 
The parameter ǫ quantifies the relative magnitude of the perturbations of the DE. We then end up with a perturbation equation
where F (a) and G(a) are entirely determined by the analytically known background dynamics and G(a) depends on the scale of the perturbation [26] . In the absence of interactions we recover the Einstein-de Sitter limit (27) 
of equation (57).
Our aim is to calculate the matter power spectrum, defined in (34) . To choose appropriate initial conditions, we use the circumstance that at early times, i.e. for small scale factors a ≪ 1, the equation (57) has the asymptotic Einstein-de Sitter form (27) , which also coincides with the corresponding equation of the ΛCDM model at that period. This allows us to relate our interacting model to the ΛCDM model at high redshift. We shall benefit from the fact that the matter power spectrum for the ΛCDM model is well fitted by the BBKS transfer function [31] . Integrating the ΛCDM model back from today to a distant past, say z = 10 5 , we find the shape of the transfer function at that moment. The obtained spectrum is then used as initial condition for our model. This procedure was described in more detail in references [32, 33] .
In Fig. 6 we display the power spectrum, based on the 2dFGRS data [34] , for different values of ǫ for c s . The thick (blue) curve (ǫ = −0.000023) represents the best overall fit. On large scales, however, the curve with ǫ = 0.001 shows the better performance. Obviously, only a very small factor ǫ is compatible with the data. Otherwise, there appear unobserved oscillations in the matter power spectrum which are similar to those in (generalized) Chaplygin gases [35, 9] . Although a constant ǫ corresponds to a very rough approximation, these results indicate that fluctuations of the DE component are small indeed on scales that are relevant for galaxy formation.
As Fig. 7 shows, even a very small value of ǫ, although considerably larger than the best-fit value, influences the spectrum substantially on larger scales. This indicates an increasing role of the DE perturbations with increasing scale. Consequently, for a more advanced analysis a scale-dependent ǫ should be used.
Finishing this subsection, we recall the basic general feature of this model. It is the double role of the interaction, which, on the one hand has to cancel a bare cosmological constant and, at the same time, it has to generate a current accelerated expansion. The coincidence problem reappears in a modified manner. In the context of this model it would amount to the question, why the interaction strength is of the appropriate order to trigger an accelerated expansion just at the present epoch.
Decaying vacuum energy
The dynamical DE scenario to be discussed in this subsection is based on a prescribed decay of the cosmological term, interpreted as vacuum energy. The only preferred time scale in a homogeneous and isotropic universe is the Hubble time H −1 . It is therefore tempting to associate a supposed vacuum decay with this scale. The simplest case is a linear dependence ρ X ∝ H. This dependence has some support from QCD [36] , but it is treated here as a phenomenological approach [37] . Written in a covariant manner for later use in perturbation theory, the DE density of this model is characterized by
In the background Θ = H/3 is valid, where the Hubble rate H for this model, which has no ΛCDM limit, is
The coincidence problem is alleviated in so far as the energy-density ratio scales as a −3/2 ,
compared with the a −3 behavior of the ΛCDM model [38] . The perturbation dynamics is governed by an equation of the structure of (57). It is a particular feature of this model that it allows us to calculate explicitly the perturbations of the DE component. The latter is determined by the combination
with the comoving wavenumber k and
Through the last term in (62) the factor J and hence the DE perturbations are explicitly scale dependent. For sub-horizon scales This model of a decaying cosmological "constant" was shown to be equivalent to a scenario in which DM particles are created at a constant rate [39] . To be consistent with observations, a value of Ω m0 of the order of Ω m0 ≈ 0.45 is required.
Nonlinear interactions
In this subsection we consider nonlinear interactions between DM and DE and demonstrate, in the context of a dynamical system analysis, that such coupling may result in a future evolution of the Universe which differs from that of the standard ΛCDM model [40] . Our starting point is again the system (19) . With r = ρ m /ρ x and Q ≡ −3HΠ, where Π enters as an effective pressure, the basic system for the two-component dynamics then is
There are stationary solutions (subscript st)
where Π st = Π st (ρ st , r st ) and Π = αρ. Since r st > 0, one has necessarily w < −1 and Π st < 0, i.e., an EoS of the phantom type and Q > 0, i.e., an energy transfer from DE to DM. Since the individual energy densities ρ m and ρ x in terms of ρ and r are ρ m = r 1 + r ρ and
respectively, it seems convenient to rely on an ansatz
for the effective pressure term Π. Such a structure allows us to recover the following known (linear) interaction models as special cases: the choice (m, n, s) = (1, 0, −1) gives rise to an interaction Q = 3γHρ x and for (m, n, s) = (1, 1, −1) one has Q = 3γHρ m (see, e.g., [41, 42] ). The structure (67) also contains the analytically solvable nonlinear model (m, n, s) = (1, 1, −2) for which Q = 3Hγ 
This solution coincides with the previously discussed scaling solution, based on the ansatz (36) which becomes manifest if we identify γ = − w + ξ 3 . For an arbitrary combination of the parameters m, n and s, analytical solutions of the nonlinear system are hardly available. To get insight into the behavior of the system under more general conditions we shall resort here to a dynamical system analysis. This analysis is based on the circumstance that, close to the critical points, the (generally unknown) solution of the nonlinear system behaves as the solution of the system, linearized around the critical points (Hartmann's theorem and, for purely imaginary eigenvalues, the Center Manifold Theorem (see, e.g., [43] and [44] ). Using standard techniques, the characteristic equation for the critical points in our case is
For m = 1 the general classification provides us with the following set of critical points:
• Attractor for m > 1 and
• Unstable for m > 1 and s > −(2 + (1 + n) w)/(1 + w)+ 2 (1 − m)/(1 + w)
• Saddle for m < 1, for all n and s
• Center for m > 1 and 2 + s + (1 + n + s) w = 0 for n > 1
• Stable focus for m > 1 and 2 + s + (1 + n + s) w > 0
• Unstable focus for m > 1 and 2 + s + (1 + n + s) w < 0 Table 3 . Examples for an attractor as critical point. m n s Q w
As an example we consider the attractor solution (m, n, s) = (2, 0, −2). The critical points are
The effective EoS parameter w/(1 + r) and the deceleration parameter q approach their stationary values through a power-law decay
respectively, with the power
Other examples for attractor solutions are listed in Table 3 .
To summarize: the basic features of the dynamical system analysis for the interaction models of this subsection are: i) necessarily a phantom-type EoS for the DE, ii) an energy transfer from DE to DM and iii) the avoidance of a big-rip singularity due to the interaction. For stable critical endpoints with finite values of the energy-density ratio r the coincidence problem is obviously alleviated.
Summary and Discussion
Although the ΛCDM model grosso modo is consistent with most observational data, the study of alternative descriptions continues to be of interest. Any competitive dynamical DE model has to make predictions for the currently observed cosmic dynamics that are similar to those of the ΛCDM model. We have reviewed here recent studies on interacting DE models. Investigating models with interactions in the dark sector allows us to address the coincidence problem. The problem of interacting models is to identify observational features which can unambiguously be attributed to a certain coupling. Interactions may provide corrections to uncoupled dark-sector models. But there are also models for which the accelerated expansion is an interaction phenomenon. Moreover, scenarios with nongravitational couplings in the dark sector may result in a future evolution of the Universe which is different from that of the ΛCDM model. [7] ) for all models. While the curves for the interacting model of [7] (solid lines) and for our ξ = 3 model (which is indistinguishable from the ΛCDM model) are similar to each other, the difference between Ωm and Ωx is much smaller for ξ = 1 than for any of the other models. While the total best-fit value for c 2 s = 1 is ǫ = −0.000023, it is obvious that on larger scales the dashed curve with ǫ = 0.001 gives a better description. This corresponds to the expectation that DE perturbations are more relevant on the largest scales.
